Here we present an experimental and numerical investigation on the grain-scale geometrical and mechanical properties of partially crystallized structures made of macroscopic frictional grains. Crystallization is inevitable in arrangements of monosized hard spheres with packing densities exceeding Bernal's limiting density φ Bernal ≈ 0.64. We study packings of monosized hard spheres whose density spans over a wide range (0.59 < φ < 0.72). These experiments harness x-ray computed tomography, three-dimensional image analysis, and numerical simulations to access precisely the geometry and the 3D structure of internal forces within the sphere packings. We show that clear geometrical transitions coincide with modifications of the mechanical backbone of the packing both at the grain and global scale. Notably, two transitions are identified at φ Bernal ≈ 0.64 and φ c ≈ 0.68. These results provide insights on how geometrical and mechanical features at the grain scale conspire to yield partially crystallized structures that are mechanically stable.
I. INTRODUCTION
The hard-sphere model provides a powerful paradigm of condensed matter that has led to considerable advances in our understanding of crystallization and vitrification in thermal systems. Fundamentally, it reflects that a simple ingredient, e.g., sphere impenetrability, can produce a remarkably rich phase diagram via entropic interactions only. This fact underlies the continued interest in dense packings problems [1] [2] [3] [4] . At the other end of the hard-sphere spectrum, athermal layers or packings made of macroscopic grains have shown striking molecularlike behaviors when they are subjected to vibrational protocols [5] [6] [7] [8] [9] [10] [11] [12] . In particular, packings have a propensity to form crystalline structures under strong vibrations. No fundamental understanding has emerged yet for the crystallization in these dissipative materials.
The modern history of experimental studies on monosized hard spheres dates back to the 1950s when Bernal performed a seemingly simple experiment by pouring 8000 glass balls in a box [4] . Bernal reported that the density of disordered packings seems to be bounded by φ Bernal 0.64 and that the balls had an average number of six contacts. Numerous experimental and numerical studies have extended Bernal's seminal findings and reported that a stable configuration of frictional monodisperse spheres can exist at densities ranging from φ ≈ 0.55 to φ ≈ 0.64 [4, [13] [14] [15] . Some recent numerical studies suggest that this range is even wider [3, [16] [17] [18] [19] . The possible analogy between the "jamming" (the structural arrest observed in dense amorphous packings with densities 0.55 < φ < φ Bernal ) and the glass transition has monopolized most of the studies on sphere packings during the past two decades [5, 20, 21] . In comparison, considerably less is known about the crystallization mechanism in frictional packings * nicolas.francois@anu.edu.au † smvaez@ut.ac.ir ‡ mos110@physics.anu.edu.au of spheres. To date, ordered phases observed in granular materials have demonstrated both striking resemblances and profound differences to those observed in thermal systems [7] [8] [9] [10] [11] [12] . Accordingly, several questions remain outstanding such as those about the existence of a basic principle governing the order-disorder transition in frictional packings, or the description of the crystal growth at the grain scale.
Here we experimentally study three-dimensional (3D) packings made of cohesionless macroscopic spheres. This material is athermal, dissipative, and naturally forms amorphous structures, yet it can massively crystallize if strongly vibrated or sheared [11, 22] . The presence of friction poses a considerable challenge to our understanding of this orderdisorder transition and of packing mechanical stability in general [5, [23] [24] [25] . In the disordered domain (φ < φ Bernal ) , polytetrahedral structures, i.e., large aggregates made of weakly distorted tetrahedral patterns of beads, are essential components of amorphous packings [4] . These aggregates can form a rich range of mechanically stable motifs, which are built uniquely on face-adjacent tetrahedra, but none can periodically tile the space [1, 26, 27] . Beyond Bernal's density, φ Bernal , crystalline clusters inevitably appear in highly monodisperse packings. This emerging order enforces the disappearance of the polytetrahedral aggregates, which are geometrically frustrated. Three successive structural transitions associated with the formation and the evolution of the polytetrahedral aggregates have recently been identified at φ Bernal ≈ 0.64, φ c ≈ 0.68, and φ ≈ 0.72 [22] . In addition to these topological and geometrical changes, the mechanics of these systems also undergoes remarkable changes when φ > φ Bernal showing a behavior closely entangled with the structural features of the packing [30] . Understanding these relations requires a detailed and accurate investigation of each grain's neighborhood in terms of both their mechanical and geometrical properties [5, 28] . In particular, recent numerical studies of the crystallization process in idealistic frictionless 3D packings suggest that the order-disorder transition in packings show some analogies with a first-order phase transition over the density range [φ Bernal ,φ c ] [29] . Some crucial features of this study have recently been observed in 3D realistic packings (i.e., weakly polydisperse and frictional) by the authors of the present paper [30] . Here we intend to extend this first experimental study and draw a more exhaustive picture of the structure of partially crystallized packings.
In this contribution, we take advantage of a helical x-ray tomography setup to image 3D packings containing up to 200 000 frictional spheres in both cylindrical and spherical containers. We employ a simple vibrational protocol to produce partially crystallized packings. Using state-of-the-art experimental and numerical techniques, we can study the evolution of geometrical and mechanical features at the global and at the grain scale during the disordered-ordered transition.
This paper is organized as follows. Section II describes the experimental setup and the procedure used to obtain partially crystallized packings. Section III details the numerical calculations performed on the experimental data in order to describe the force network with numerical precision and access the tangential forces. Section IV characterizes the geometrical transition when the packing density crosses φ Bernal = 0.64. Section V focuses on the mechanical features of the crystallization process in terms of grain contacts and the evolution of a topological descriptor.
II. EXPERIMENTAL DETAILS
We use monosized acrylic beads (diameter d = 1.00 and 1.62 mm; polydispersity = 0.025 mm), which are packed into large containers (inner diameter = 66 mm). The beads are covered with graphite to reduce electrostatic repulsion between them. Nine packings of beads are prepared in cylindrical and spherical containers (see details in Table I ). Five of them are produced by simply pouring the beads into the container following the methods described in [14] . The other four, with a density φ φ Bernal , are generated according to the vibrational protocol described below.
Our experimental method is based on compaction by an intense fluidization of the packing [22, 31] . A batch of beads is initially poured into a container forming a random packing. The container is then placed on a shaker allowing for both vertical and horizontal vibrations. The vibrations are sinusoidal with a frequency set to f = 50 Hz; the vertical component of the acceleration γ ν is set to be five times larger than the horizontal one γ h . In these experiments, γ ν is constant and set to 2.5g (where g is the gravitational acceleration). The container is vibrated intensely for 20 s. The resulting packings show substantial crystallization, with a global packing density well beyond Bernal's limit, ranging from 0.66 to 0.72. The compaction protocol presented here is robust and allows us to consistently generate partially crystallized packings irrespective of the packing container. Figure 1 (a) shows a 3D rendering of a partially crystallized structure. The bright regions correspond to locally disordered aggregates of beads; a disordered core and the boundaries between different crystal domains are signified by the bright regions. Both random and crystalline phases coexist in the packing, yielding nonuniform packing densities across the sample. Helical x-ray computed tomography (XCT) is utilized to digitally access the internal 3D structure of the packings with a spatial resolution of ≈30 microns [14, 22, [32] [33] [34] . All our analyses have been carried out over the inner region of the packings, four sphere diameters away from the container walls to avoid the boundary effects. These inner regions are then decomposed into nonoverlapping cubical subsets each containing 4000 beads. A total of 94 subsets are produced from all the packings listed in Table I . As a consequence of structural heterogeneity in our partially crystallized packings (see Fig. 1 ), the 4000-bead subsets cover a wide range of packing densities spanning from φ = 0.58 to φ = 0.73.
III. DEM SIMULATION
The digital representation of each packing is realized using XCT and a range of postprocessing image analysis techniques. Each grain in the 3D digital representation (tomogram) is made of a cluster of ≈19 000 voxels and each tricubic voxel represents 30 3 μm of space known as the image resolution. As a result of this large grain digital representation, the precision with which grain centers are determined is extremely high (<10 −3 μm). Similarly, a grain's diameter can be estimated with great precision (≈5 × 10 −2 μm). It allows a highly accurate experimental measure of both the grain's center-center distance and the grain overlap. From these high precision experimental data we are able to calculate normal contact forces as low as ≈10 −4 N , while the average normal force is typically F n 10 −1 N in our experiments. The tangential component of the contact forces, however, cannot be trivially measured from the experimental data [35] .
Force bearing contacts are an extremely sensitive feature of hard-sphere packings [5, 28] . Its digital representation will inevitably be affected by intrinsic experimental limitations (finite spatial resolution, binarization segmentation of the tomogram). To further assess the robustness of our mechanical characterization, experimental packing structures are subsequently postprocessed by a discrete element method (DEM) code [36] . We use LIGGGHTS, an open-source DEM code widely used in the granular community [37] . We note that the DEM computation gives access to both components of the intergranular forces. The DEM uses a Hertz-Mindlin model to compute the forces between the grains by virtually relaxing the experimental packings under gravity over a period of a few physical seconds, which takes ≈12 h of simulation time on a 64-processor cluster. The combining of the experimental data from XCT with the DEM simulations allows us to map the network of force bearing contacts with numerical precision. Crucially, the results can be compared with the direct experimental characterization. Additionally, the use of DEM allows us to investigate the sensitivity of our results to the friction coefficient by virtually tuning it (see Sec. V).
The Hertz-Mindlin model characterizes the interaction between frictional grains as follows: two overlapping grains with radii R 1 and R 2 , mass m, normal overlap of δ, normal relative velocity v, tangential relative velocity v t , and a tangential displacement vector δ t will experience a normal repulsive force,
and a tangential force,
where
2 (e)+π 2 , and e is the coefficient of restitution. The prefactors S n = 2Y √ R * δ and S t = 8G √ R * δ depend on the Young's modulus Y and the shear modulus G =
, where ν is the Poisson's ratio. The tangential force is truncated according to the value of friction μ to satisfy the Coulomb condition F t μF n . Beads used in our experiments are made of PMMA with the following material properties: Young's modulus Y = 1.8 GPa, Poisson's ratio ν = 0.35, coefficient of restitution e = 0.7, and density ρ = 1200 kg/m 3 . We experimentally measure the coefficient of friction μ = 0.7 ± 0.08. On a technical note, we fix the position of the grains up to four grain diameter from the container walls to ensure that boundary conditions are identical to the experimental ones.
IV. GEOMETRICAL CHARACTERIZATION
To identify and characterize locally ordered motifs within the packings, we use different local measures based on the spatial position or orientation of grains surrounding any given grain. Such measures are commonly known as the bond order parameter method [38] , where the order parameter, q l , is defined for each sphere with respect to its fixed number of neighbors. In our calculations, we use N nn = 12 as the nearest number of neighbors and define q l as follows:
, with Y lm being the spherical harmonics and r ij the vector connecting the central sphere at r i to its neighbor at r j .
Figure 2(a) shows the probability distribution functions (PDF) of the order parameter q 6 before and after φ ≈ 0.64. At a density of φ ≈ 0.628, the PDF is wide and has a bell shape; however, in a dense partially crystallized subset (φ ≈ 0.683), two sharp peaks dominate the PDF. These peaks are located at q 6 = 0.48 and q 6 = 0.57 and correspond to q 6 values for hcp and fcc crystalline structures, respectively [29, 39] . 6 shows some sign of saturation around q 6 ≈ 0.54 and a high level of fluctuations. These fluctuations are related to the competition between hcp and fcc patterns in highly crystalline packings [39] .
We also investigate whether a grain belongs to an hcp-like or fcc-like lattice structure by checking if its q 6 value falls within the intervals q 6 (hcp) = 0.48 ± 0.01 or q 6 (fcc) = 0.57 ± 0.01. It allows us to measure the ratio of the number of beads belonging to a given crystal motif over the total number of beads in the subsets. The behavior of these ratios versus φ is shown in Fig. 2(c) . Below φ Bernal , hcp dominates over fcc by almost two orders of magnitude in quantity. While the ratio of hcp motifs grows steadily over the whole density range, the fcc order has a dramatic rise after φ Bernal and eventually it dominates over the hcp order in highly crystalline packings φ > 0.70. The prevalence of the fcc motifs over hcp patterns remains an outstanding question in dissipative packings of beads [11] . We plan to fully investigate this issue in a followup study.
To further explore the structural changes during crystallization, we now employ a recent extension of the bond order parameter method [40] . It is based on the parameter q l and the Wigner 3j symbols which read
The method goes as follow: first, the third-order rotational invariant of rank six, w 6 is computed, and then we determine the value corresponding to the half-height of its cumulative distribution function (CDF) referred to as w hh 6 . The CDF of w 6 is shown in Fig. 3(a) for several subsets over the whole density range. The point where the CDF function reaches its half height, i.e., w hh 6 , differs remarkably for the subsets with φ < φ Bernal and φ > φ c . In Fig. 3(b) we show the values of w hh 6 as a function of the packing density. Two clear transitions show up: a sharp rise at φ Bernal ≈ 0.64 and a complete saturation to w 6 ≈ −0.0125 beyond φ c ≈ 0.68. These transitions have been seen only in numerical simulations [40] . Here, we confirm experimentally that w hh 6 is an extremely sensitive measure of the crystallization onset [40] . Interestingly, we also note the similarities with the transitions observed in the Voronoi volume fluctuations and the topology of packing polytetrahedral structures as observed in [22] .
Furthermore, we study the crystallization process through the properties of different structural correlation functions. We first use the cumulative coordination number Z(r), which is defined as
where g(r) is the radial distribution function (RDF), i.e., the probability distribution of finding the center of a particle at distance r from a reference sphere. Z(r) measures the average number of grains at a radial distance r from a given central grain. In jammed packings (φ < φ Bernal ), Z(r) can be accurately described by a power law in the near-contact range r ∈ [d,1.3d] [41] :
where Z m is the coordination number which characterizes the contacts that bear mechanical forces and γ is a constant. We note that this functional form is actually a signature of the power-law singularity in the RDF in the near contact regime [14] . The behavior of Z(r) and g(r) in amorphous packings has been intensely studied during the past two decades [5, 14, 41] . Here, we measure the evolution of α as the amorphous-crystalline transition takes place. In Fig. 4(a) , we show the behavior of ∂z ∂r in the near-contact region r ∈ [d,1.3d] for increasing packing densities. Below φ c ≈ 0.68, the derivative ∂z ∂r can be accurately fitted by a power law. Above φ c , the curve develops a pronounced bell shape and the scaling law of Eq. (6) does not hold any more. Figure 4 (b) concerns the power-law regime, which shows the exponent α [deduced from the power-law fit in Fig. 4(a) ] as a function of φ. α is slightly larger than 0.5 for φ < φ Bernal and it decreases slowly to 0.5 at φ Bernal . Beyond φ Bernal , α decreases sharply and reaches 0 at φ c . The analysis of Z(r) confirms the presence of two successive structural transitions at φ Bernal and φ c .
We now employ the recently developed approach in [28, 29] to provide further insights into the grain's neighborhood rearrangements during the crystallization. This analysis assumes that the densely populated neighborhood of each grain, composed of almost-touching neighbors, can be described in terms of a unique geometrical coordination number Z g . This approach is based on a modified version of the RDF g(r). The modified radial distribution function (MRDF), g z (r), is made of two Heaviside step functions as formulated below:
where R is the radius of spheres, N is the number of beads in the subset, r ij is the distance from the center of particle i to its j th neighbor, and the two Heaviside step functions check if the criterion r − R r ij r + R is fulfilled. For instance, if r is increased incrementally, r = R + n with 0 < R and n an integer number, then g z (r) counts the number of neighbors in the range n <= r ij <= 2R + n . It corresponds to both the neighbors in true mechanical contact and the number of grains so close that they can be considered as almost-touching neighbors. So g z (r) gives the average number of grains in contact with a virtual particle of radius r. Figure 5 (c) shows g z as a function of (r) = (r − R)/2R, where R is the mean value of the bead radius in our weakly polydisperse packings. g z (r) first increases with a slight increase of r. This is a signature of the fact that each grain neighborhood is densely populated. This primary feature of dense sphere packings contributes to its mechanical stability [18, 42] . g z (r) eventually decreases with a further increase of r; consequently g z shows a clear maximum as seen in Fig. 5(c) . The value of g z at this peak accounts for the grains in mechanical contact as well as the grain neighborhood geometry (i.e., the geometrical neighbors). For this reason, it was used in [28, 29] to offer a new perspective on packing geometry and topology by defining a geometrical coordination number Z g . We calculate g z (r) and subsequently obtain Z g for each subset by finding its maximum value [Z g = max(g z (r))]. Figure 5 (a) shows Z g versus φ for all subsets. Z g continuously increases over the entire range of packing densities and it can be fitted by Z g = α2 √ 3φ/(1 − φ). This equation was theoretically derived to describe isotropic packings [28] . It, however, seems to remain valid (given a correction factor) even in the case of highly anisotropic crystallized structures. Figure 5 (b) shows σ g , the standard deviation of the fluctuations in Z g , as a function of φ. This graph shows three distinct regimes: (i) below φ Bernal , where there is a small but almost constant level of fluctuations around σ g 1.0; (ii) above φ Bernal up to φ c 0.68 there is a sudden increase in σ g ; this is the density range where both disordered and ordered states coexist in the system; (iii) beyond φ > φ c , σ g drops sharply as the ordered phase begins to dominate the packing structure.
It has recently been shown [22, 26, 27] that intense geometrical rearrangements take place in the range φ Bernal < φ < φ c . More precisely, geometrically frustrated polytetrahedral aggregates disassemble as a result of the formation of crystalline nuclei.
The geometrical features of the hard-sphere packings are intimately related to their mechanical properties to ensure the packing stability. The subtle relation that constrains the geometry and the mechanical backbone is one of the most debated questions in the physics of packings [18, 42, 43] . To contribute to this topic, we now investigate the effects of crystallization on the mechanical features both at the local grain scale and globally.
V. MECHANICAL PROPERTIES
The mechanical contacts through which intergranular forces are exchanged are an essential predictor of the mechanical properties of a granular assembly. The highly accurate 062202-5 experimental data collected on the grain positions and radii allows us to calculate the force bearing (mechanical) contacts directly from raw experimental data by determining the grain overlaps. Additionally, using the DEM simulations as described previously, we can calculate the full intergranular forces with numerical precision. Moreover, it allows us to virtually explore the influence of the friction coefficient μ by tuning it directly in the DEM code.
A. Mechanical coordination number Z m
First we investigate the behavior of the mechanical coordination number Z m which characterizes the contacts that bear forces. This descriptor is directly estimated from the measurement of grain overlap. Figure 6(a) shows the evolution of Z m with the subset packing density φ. It also compares the experimental and the DEM results. Clearly Z m evolves differently than Z g [see Fig. 5(a) ]. In disordered packings, φ < φ Bernal , Z m grows with the packing density. The onset of crystallization coincides with a clear change of trend in Z m . Z m shows a plateau for 0.64 φ 0.68. We measure Z mplat ≈ 5.6. Beyond φ c 0.68, Z m increases again up to Z m 6.8 at φ 0.73. In these highly crystalline packings, the difference between Z g and Z m is the largest. We emphasize that this behavior of Z m is supported by direct experimental measurements based on the estimation of grain overlaps as well as the DEM results obtained with numerical precision. It should be noted that the plateau behavior of Z m has only been reported in numerical simulations of frictionless packings [29] . Our results recover this important mechanical feature in experimental frictional packings, thus proving some level of universality of this feature.
In Fig. 6(a) , Z m and the packing fraction are averaged over 4000 grains. However, Z m can also be measured at the scale of individual grains. . V vor is the volume surrounding a grain measured via the Voronoi tessellation of the packing [22, 44] . The trend of Z m versus φ V or is similar to that observed in Fig. 6(a) . There is a clear plateau in the density range [φ Bernal ,φ c ].
The DEM code allows us to tune the friction coefficient. On a technical note, we use the same initial packing configuration, namely the one measured experimentally, and the value of μ is modified in the code before starting the numerical relaxation. Thus we have the ability to test the robustness of the mechanical plateau with respect to packing dissipative properties. Figure 6 (b) demonstrates that the plateau in Z m is a resilient mechanical feature of the packing structure. However, the value of the plateau is friction dependent: Z mplat ≈ 6.7 for μ = 0; Z mplat ≈ 5.5 for μ = 1.
An equally important mechanical quantity is the standard deviation σ m of Z m , which is an indication of the fluctuations in the force network and the mechanical backbone. The inset of Fig. 6(a) shows that σ m increases steadily with φ and eventually peaks at σ m 2.0 for φ 0.73. This high level of fluctuations for σ m for the crystalline state (φ > φ c ), along with a significant drop in the geometric fluctuations (σ g ) in this density range, suggests that a geometrically ordered structure still possesses a highly random mechanical backbone.
B. Topology of force network
The mechanical coordination number Zm is an essential component of the mechanical properties of a granular assembly. Yet it does not contain information on the global topology of the force network, nor information on the intensity of the force transmitted through the contact. The structure and 
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topology of the network of intergranular forces play a crucial role in the mechanical stability of a granular system, which is an extremely rich nonlinear problem [5, 24] . The intricate and complex network of force transmitting grain contacts governs the rich aspects of the jamming transition [23] and gives the granular materials their unique characteristics such as soft modes [5] .
Having access to the intergranular forces in our packings, we aim to quantify the connectivity of the global force network and its evolution as the crystallization takes place. We use a topological invariant called the Betti numbers β [45, 46] , whose first component, β 0 , calculates the number of clusters formed from mutually connected beads.
In order to relate this topological quantity to the mechanics of our granular systems, we take the following procedure. (I) In each subset, the value of the normal forces between each pair of grains is normalized to the mean value of the normal force in the entire corresponding subset: f n = Fig. 7(b) , where f th is varied over a large range in four subsets. This figure shows that there is a characteristic f th range (≈2.0 < f th <≈< 2.5), in which the number of isolated componets of the force networks is the largest. β 0 decreases with further increase of the force threshold as less contacts fulfill the criterion of f n > f th . Figure 7 (c) encapsulates the variation of both φ and f th across all subsets. This phase diagram reveals that for the characteristic f th range, large and small forces are distributed more uniformly (homogeneously) near φ Bernal . In other words, large and small forces are homogeneously mixed inside the force network and as a result, thresholding the force produces a large number of connected components. For φ above φ c 0.68, the declining trend of β 0 is mostly similar to that observed in the range 0.58 < φ < 0.61 implying that forces are distributed more unhomogeneously. This further confirms the observation [see Fig. 6(a) ] that even in regions of highly crystallized order the topology of force network and the mechanical backbone may resemble that of disordered states.
VI. CONCLUSION
In this paper, we have conducted an exhaustive investigation of the crystallization process in experimentally produced hard-sphere packings. We combined experiments with stateof-the-art 3D imaging and numerical simulation techniques to understand the transition from disordered to ordered state in terms of geometrical, mechanical and topological changes.
We have shown that for packing densities 0.64 < φ < 0.68 the local orientational order emerges in the system and gradually dominates the entire packing when φ > 0.68. The region 0.64 < φ < 0.68 is geometrically characterized by a steep increase in the fluctuations of the geometrical coordination number, Z g . These fluctuations are greatly reduced for φ > 0.68 as highly ordered structures become dominant in the system. These results are in agreement with previous studies where large topological changes have been observed for 0.64 < φ < 0.68 as a result of the disassembling of the polytetrahedral structures [22] .
In terms of the system's mechanics, we have shown that the density range of 0.64 < φ < 0.68 is accompanied by drastic changes in the behavior of the mechanical coordination number, Z m . Crucially, for 0.64 < φ < 0.68, where both disordered and ordered states coexist, Z m reaches a plateau. The phenomenon is robust and has been observed over a broad range of values for the friction coefficient. This feature of crystallization in frictional packings is reminiscent of some classic aspects of first-order phase transition in equilibrium thermodynamics [29] .
Finally, we have shown that in almost fully ordered structures, Z m and the topology of the force network show a high level of fluctuation. This behavior indicates the persistence of a random mechanical backbone in highly crystallized packings. These observations support the conclusions drawn in recent numerical studies where the mechanical properties of lattices made of weakly polydisperse beads [21] or jammed lattice sphere packings in high dimensions [47] have been shown to share similarities with those of amorphous packings. These findings might also help in better understanding the rheology of complex granular or suspension systems [48, 49] . In conclusion, these results give hope for the elaboration of basic principles for granular crystallization.
